Consider the canonical (µ2-or α2-) covering of a classical or supersingular Enriques surface in characteristic 2. Assuming that it has only rational double points as singularities, we determine all possible configurations of singularities on it, in both classical and supersingular cases.
They also proved that the locus of Enriques surfaces for which Sing(Ȳ ) is not 12A 1 nor 8A 1 + D 0 4 is closed of codimension at least 2 in the moduli of Enriques surfaces [EHSB12, Lemma 6.23], but they did not show the existence of each configuration.
Schröer [Sch17] gave a method of constructing, from a given rational elliptic surface J → P 1 satisfying certain assumptions, a J-torsor X → P 1 that is an Enriques surface whose canonical coveringȲ is birational to the Frobenius base change J × P 1 P 1 . ThenȲ has the same type of singularities as J × P 1 P 1 . His method would construct examples for each case in Theorem 1.1, but this is not explicitly mentioned, and classical and supersingular surfaces are not explicitly distinguished.
Katsura-Kondo ([KK15, Section 4] and [KK18, Section 3]) and Kondo ([Kon18, Section 3]) gave explicit examples ofȲ and the derivations for the cases Sing(Ȳ ) = 12A 1 (both classical and supersingular) and Sing(Ȳ ) = 8A 1 + D 0 4 (classical) respectively. In this paper, we determine all possible configurations of RDPs for both classical and supersingular Enriques surfaces. It turns out that each configuration in the Ekedahl-Hyland-Shepherd-Barron's result indeed occurs, however each configuration other than 12A 1 occurs only in one of the classical or supersingular case.
Theorem 1.2. Let X be a classical or supersingular Enriques surface in characteristic 2, andȲ → X be its canonical covering. Assume Sing(Ȳ ) consists only of RDPs.
If X is classical, then Sing(Ȳ ) is one of 12A 1 , 8A 1 + D 0 4 , 6A 1 + D 0 6 , or 5A 1 + E 0 7 . If X is supersingular, then Sing(Ȳ ) is one of 12A 1 , 3D 0 4 , D 0 4 + D 0 8 , D 0 4 + E 0 8 , or D 0 12 . Moreover, each case actually occurs.
The proof of the non-existence part, given in Section 3, uses techniques from our recent preprint [Mat18] .
In Section 4 we recall examples given by Katsura-Kondo and Kondo, and give examples for all remaining RDP cases. Our constructions are either straight generalizations of Kondo's (for classical cases) or influenced by his (for supersingular cases). However our presentation deals with RDP K3 surfaces and regular derivations (as opposed to theirs with smooth K3 surfaces and rational derivations), which would be easier to follow. Also, most of our constructions can be viewed as explicit special cases of Schröer's constructions. We also give an example with a non-RDP (elliptic) singularity.
Throughout the paper we work over an algebraically closed field k of characteristic p = 2.
Preliminary on derivations on RDP K3 surfaces
An RDP K3 surface is a proper RDP surface whose minimal resolution is a (smooth) K3 surface. We similarly define RDP Enriques surfaces.
We say that an Enriques surface is classical or supersingular if its resolution is so
The fixed locus Fix(D) of a derivation D is the closed subscheme of X corresponding to the ideal (Im(D)) generated by Im(D) = {D(a) | a ∈ O X }.
Assume X is a smooth integral surface and D = 0. Then Fix(D) consists of its divisorial part (D) and isolated part D , defined as follows. If we write D = f (g∂/∂x + h∂/∂y) with g, h coprime for some local coordinate x, y, then (D) and D correspond to the ideal (f ) and (g, h) respectively.
Suppose for simplicity that X is integral. Then a rational derivation on X is a global section of Der(O X ) ⊗ O X k(X), where Der(O X ) is the sheaf of derivations on X. Thus, a rational derivation is locally of the form f −1 D with f a regular function and D a regular derivation. Assuming X is a smooth integral surface and D = 0, we extend the notion of divisorial and isolated parts to rational derivations by (f −1 D) = (D) − div(f ) and
A derivation D is said to be of multiplicative type (resp. of additive type) if D p = D (resp. D p = 0). Such a derivation corresponds to an action of the group scheme µ p (resp. α p ).
Proposition 2.1 ([Mat18, Sections 3-4]). LetȲ be an RDP K3 surface and D be a derivation of multiplicative (resp. additive) type, satisfying Fix(D) = ∅. Then the quotient X :=Ȳ D is a classical (resp. supersingular) RDP Enriques surface.
Let π :Ȳ → X be the quotient map. If z ∈Ȳ is a closed point that is smooth or an RDP of type A 1 , D 0 2n , E 0 7 , E 0 8 , then π(z) is smooth. If z is an RDP of type A 2n−1 (n ≥ 2), D 0 2n+1 (n ≥ 2), or E 0 6 , then π(z) is an RDP of type A n−1 , A 1 , A 2 respectively. If X is a smooth Enriques surface, then the total index of the RDPs on Y is 12.
Proof. Since Fix(D) is empty, it follows from [Mat18, Proposition 4.1] that X is either an RDP K3 surface or an RDP Enriques surface. To show that X is not birational to a K3 surface, we may assume that D is maximal (in the sense of [Mat18, Definition 3.4], use [Mat18, Corollary 3.5]), and then X is smooth, so it cannot be a K3 surface by [Mat18, Theorem 4.7] .
We no longer assume that D is maximal. The description of π(z) follows from [Mat18, Theorem 3.3(1)].
Let n i be the indices of the RDPs onȲ . Let Y →Ȳ be the resolution and D ′ be the induced rational derivation on Y . Suppose X is a smooth Enriques surface. Then by [Mat18, Lemma 3.11], we have (D ′ ) 2 = −2 n i and D ′ = 0. By the Katsura-Takeda formula [KT89, Proposition 2.1], we
When verifying Fix(D) = ∅, we can skip finitely many smooth points by using the following observation.
Lemma 2.2. LetȲ be an RDP K3 surface and D be a derivation of multiplicative (resp. additive) type, with dim Fix(D) < 1 and Fix(D) ∩ Sing(Ȳ ) = ∅. For each z ∈ Sing(Ȳ ) define an integer i(z) as follows:
Then Fix(D) = ∅ and thereforeȲ D is an RDP Enriques surface.
This integer i(z) is the index of z minus the index of π(z), where the index of a smooth point is considered to be 0.
Proof. Since Fix(D) = ∅, the quotientȲ D is an RDP surface, and by re- Setting 2.3 ([Mat18, Setting 3.10]). We use the following numbering for the exceptional curves of the resolutions of RDPs. 
Proof. The line bundle in the statement is the multiple by −1/2 of the one appeared in [EHSB12, Lemma 6.5] and [Mat18, Proof of Lemma 3.11]. These lemmas consider the "inverse" situation:Ȳ is an RDP, D ′ is a derivation without fixed point such thatȲ D ′ is smooth,D ′ is the induced rational derivation on the resolution Y ofȲ , and they compute (D ′ ). The proposition follows from those lemmas and the Rudakov-Shafarevich formula.
One can also compute ImD by using explicit equations.
We note that (L) 2 is equal to the index of the RDP multiplied by −1/2.
Proposition 2.5 ([EHSB12, Theorem 3.21] forȲ RDP K3, [Sch17, Proposition 6.1 and Theorem 6.2] forȲ normal). Let π :Ȳ → X be the canonical µ 2 -or α 2 -covering of an Enriques surface X and assume thatȲ is normal. Then the tangent sheaf TȲ is free (of rank 2).
Non-existence
In this section we prove the following two propositions, which settle the non-existence part of the theorem. LetȲ → X be the canonical covering of a classical or supersingular Enriques surface X, and assume Sing(Ȳ ) consists of RDPs.
Proof of Proposition 3.1. This follows from the results of [Mat18] , as follows.
Since X is supersingular, the "inverse" morphism π ′ : X (1/2) →Ȳ is the quotient morphism by either a µ 2 -or α 2 -action with only isolated fixed points ([Mat18, Proposition 4.1, Corollary 4.4]). If it is a µ 2 -quotient, then each RDP ofȲ is A 1 , and if it is an α 2 -quotient, then each RDP ofȲ is
We will show that any nontrivial 2-closed derivation quotient ofȲ that is an Enriques surface is supersingular. We may assume thatȲ has a 2-closed derivation quotient that is an Enriques surface, and then we have dim H 0 (Ȳ , TȲ ) = 2 (by Proposition 2.5).
We will give a 2-dimensional family of α 2 -coveringsZ e ofȲ parametrized by e ∈ H 1 (Y, L) \ {0}, where L is a line bundle defined below, and show that ((Z e ) n )
(2) exhausts nontrivial 2-closed derivation quotients of Y , where − n is the normalization. We will see that ifZ e is not normal then it is a rational surface (in particular not birational to an Enriques surface). Any Enriques surface in this family is supersingular, since a classical Enriques surface does not admit a (regular) 2-closed derivation with RDP K3 quotient [Mat18, Proposition 4.6].
Let L ⊃ O Y be the line bundle on Y that is of the form as in Proposition 2.4 above each RDP ofȲ . Then we have L 2 = (−1/2) · 12 = −6 and dim H 1 (Y, L) = 2. We claim that the Frobenius map F : ). Take a class e ∈ H 1 (Y, L) and consider the corresponding extension
Let (x h ) be a family of local sections of V ⊗ L with δ(x h ) = 1 with respect to some open cover {U h } of Y . Note that x h − x h ′ are sections of L, and this gives a 1-cocycle representing e. Since F (e) = 0 we have (
Fixing such a family, we equip V with an O Y -algebra structure with x 2 h := b h , and then Z e := Spec V is an α 2 -covering of Y with δ being the corresponding derivation of additive type. This Y -scheme does not depend on the choice of (
We observe that Z e contracts to an α 2 -coveringZ e ofȲ .
Let η = d(b h ): this defines a regular 1-form on the smooth partȲ sm ofȲ . Let D be the (unique) derivation onȲ satisfying D(f )ω = df ∧ η, where ω is a fixed non-vanishing 2-form onȲ sm (unique up to scalar). We will show that this F
, hence the extension is trivial and e = 0.
Since V (2) ⊂ Ker D, we observe thatȲ D = ((Z e ) n ) (2) if e = 0. Therefore each nontrivial 2-closed derivation quotient ofȲ is of the form ((Z e ) n ) (2) for e ∈ H 1 (Y, L) \ {0}. Note that replacing e by a nonzero multiple replaces D with a nonzero multiple, hence results in the same quotient. 
Examples

4.1.
Examples of canonical coverings that are RDP K3 surfaces. It turns out that all configurations of RDPs are realized by special Enriques surfaces, that is, Enriques surfaces admitting elliptic fibrations admitting a bisection that is a smooth rational curve.
. The examples with 12A 1 ((1) below) and 8A 1 + D 0 4 ((2), n = 0) are the ones given by Katsura-Kondo [KK18, Section 3] and Kondo [Kon18, Section 3.3] respectively.
Let A(t), B(t), C(t) ∈ k[t] be one of the following.
(1) (A, B, C) = (t 3 (t − 1), t 3 (t − 1) 3 , 0), (2) (A, B, C) = (0, t 3−n (t − 1) 3 , n(t − 1) 4 ), n ∈ {0, 2, 3}. We have equalities ∂(A(t)B(t))/∂t = 0 and C(t) = ∂(t(t − 1)B(t))/∂t in each case.
LetȲ ′ be the elliptic RDP K3 surface defined by (1) 2A 9 (2I 10 ) at t = 0, 1 and 2A 1 (2I 2 ) at t = ω, ω 2 , where ω and ω 2 are the roots of t 2 + t + 1 = 0, (2) A 7−2n (I 8−2n ) at t = 0, A 7 (I 8 ) at t = 1, and D 0 5 or D 0 7 or E 0 7 (I * 1 or I * 3 or III * ) at s = 0 if n = 0 or n = 2 or n = 3 respectively. LetȲ ′′ be the elliptic RDP K3 surface which is birational toȲ ′ and isomorphic outside the fibers t = 0, 1, defined by y 2 + xy + t(t − 1)A(t)y + x 3 + t(t − 1)B(t)x = 0 (t = 0, 1),
where the coordinates are given by
The RDPs ofȲ ′′ at the fibers t = 0, 1 are
(1) A 7 + A 7 at (x 1 , y 1 , t) = (0, 0, 0), (0, 0, 1) and A 1 + A 1 at (x 2 , y 2 , t) = (0, 0, 0), (0, 0, 1), (2) A 5−2n +A 5 at (x 1 , y 1 , t) = (0, 0, 0), (0, 0, 1) and A 1 +A 1 at (x 2 , y 2 , t) = (0, 0, 0), (0, 0, 1), where A 5−2n is read to be a smooth point if n = 3.
The other fibers remain unchanged. Let D 1 and D 2 be the derivations onȲ ′′ defined as follows, where A t , B t ,B s are the derivatives.
In the case (1) (resp. the case (2) with n = 0), the derivations D a,b given by Katsura-Kondo [KK18, Section 3] (resp. Kondo [Kon18, Section 3.3]) are equal to abD 1 + D 2 (resp. D 1 + (ab) −1 D 2 ).
Consider the derivation D = e 1 D 1 + e 2 D 2 (e 1 , e 2 ∈ k). We observe that D 2 = e 1 D and that if (e 1 , e 2 ) is generic (that is, (1) e 1 − e 2 = 0 and e 2 = 0, and (2) e 1 = 0 and e 2 = 0) then Fix(D) = ∅. Therefore, for such D, X ′′ =Ȳ ′′D is an RDP Enriques surface with A 3 , A 2 , A 1 , A 1 at the images of A 7 , A 5 , D 0 5 , D 0 7 respectively and no other RDPs. It is supersingular if e 1 = 0 in case (1), and classical in all other cases. Let X → X ′′ be the resolution and letȲ =Ȳ ′′ × X ′′ X. ThenȲ is the canonical (µ 2 -or α 2 -) covering of the smooth Enriques surface X with (1) Sing(Ȳ ) = 12A 1 (2) Sing(Ȳ ) = 8A 1 + D 0 4 , 6A 1 + D 0 6 , 5A 1 + E 0 7 (n = 0, 2, 3) respectively. If e 1 = 0 in case (1), the multiple fiber of X corresponds to the fiber s = 0 of Y , which is a supersingular elliptic curve. In all other cases, the multiple fibers of X correspond to the fibers t = β i of Y , which are ordinary elliptic curves, where β 1 , β 2 are the two (distinct) roots of e 1 t(t − 1) + e 2 = 0 (equivalently, β 1 + β 2 = 1 and β 1 β 2 = e 2 /e 1 ).
be one of the following.
(1) (A, B, C, G) = (t 2 + t + 1, t 2 + t + 1, t 2 , 0), (2) (A, B, C, G) = (t + 1, (t + 1) 2 , t 2 , 0), (3) (A, B, C, G) = ((t + 1) 2 , (t + 1) 2 , (t + 1) 2 , t + 1). Note that t 2 C(t) = B(t) 2 + A ev (t), where A ev (t) consists of the terms of A(t) of even degree. LetȲ ′ be the elliptic RDP K3 surface defined by y 2 + t 2 B(t) 2 y + x 3 + tA(t)x 2 + t 10 G(t) 2 = 0, (1) 3D 0 5 (3I * 1 ) at t = 0, ω, ω 2 , (2) D 0 5 (I * 1 ) at t = 0 and D 0 9 (I * 5 ) at t = 1, (3) D 0 5 (I * 1 ) at t = 0 and E 0 8 (II * ) at t = 1. Here ω and ω 2 are the roots of t 2 + t + 1 = 0.
LetȲ ′′ be the elliptic RDP K3 surface which is birational toȲ ′ and isomorphic outside the fiber t = 0, defined by y 2 + t 2 B(t) 2 y + x 3 + tA(t)x 2 + t 10 G(t) 2 = 0 (t = 0),
AgainȲ ′′ has D 0 5 on the fiber t = 0, and the RDPs ofȲ ′ on the other fibers remain unchanged.
Let D 1 and D 2 be the derivations onȲ ′′ defined as follows.
Consider the derivation D = e 1 D 1 + e 2 D 2 . We observe that D 2 = 0 and that if (e 1 , e 2 ) is generic (that is, if e 2 = 0 and B( e 2 /e 1 ) = 0) then Fix(D) = ∅. Therefore, for such D, X ′′ =Ȳ ′′D is a supersingular RDP Enriques surface with A 1 at the images of D 0 5 and D 0 9 . Let X → X ′′ be the resolution and letȲ =Ȳ ′′ × X ′′ X. ThenȲ is the canonical α 2 -covering of the smooth supersingular Enriques surface X with (1) Sing(Ȳ ) = 3D 0 4 , (2) Sing(Ȳ ) = D 0 4 + D 0 8 , (3) Sing(Ȳ ) = D 0 4 + E 0 8 . The multiple fiber of X corresponds to the fiber t = e 2 /e 1 of Y , which is a supersingular elliptic curve. where s = t −1 , x ′ = t −4 x, y ′ = t −6 y. Its RDP is D 0 12 at t = x = y = 0. Let Y be the resolution ofȲ ′ . The singular fiber of Y is I * 8 at t = 0. LetȲ be the elliptic RDP K3 surface which is birational toȲ ′ and isomorphic outside the fiber t = 0, defined by y 2 + t 6 y + x 3 + t 2 x + t 6 x + t 7 = 0 (t = 0),
The RDP ofȲ is D 0 12 at t = x 0 = y 0 = 0. Let D 1 and D 2 be the derivations onȲ defined as follows.
Consider the derivation D = e 1 D 1 + e 2 D 2 . We observe that D 2 = 0 and that if (e 1 , e 2 ) is generic (that is, if e 2 = 0) then Fix(D) = ∅. Therefore, for such D, X =Ȳ D is a supersingular smooth Enriques surface andȲ is its canonical α 2 -covering with Sing(Ȳ ) = D 0 12 . The multiple fiber of X corresponds to the fiber t = e 2 /e 1 of Y , which is a supersingular elliptic curve.
Example 4.4 (D 0 4 + D 0 8 in the same fiber). LetȲ ′ be the elliptic RDP K3 surface defined by y 2 + t 6 y + x 3 + tx 2 = 0,
where s = t −1 , x ′ = t −4 x, y ′ = t −6 y. The RDP ofȲ ′ is D 0 13 at t = x = y = 0, and the corresponding singular fiber is I * 9 . This surface is the Frobenius change of the rational elliptic surface Y 2 + T 3 Y +X 3 +T X = 0 having a fiber of Lang type 10C (with t 2 = T , x+t = X, y = Y ), which Schröer's method does not cover. We show that this case can be handled similarly and transformed into the canonical covering of an Enriques surface. In his notation ([Sch17, Section 15]), we take E a to be the union of all irreducible components Θ ⊂ S a except the component "of distance 3" from the strict transform of X ′ a . LetȲ ′′ be the elliptic RDP K3 surface which is birational toȲ ′ and isomorphic outside the fiber t = 0, defined by y 2 + t 6 y + x 3 + tx 2 = 0 (t = 0),
x 3 = x t 2 , y 3 = y t 2 . ThenȲ ′′ has D 0 4 at t = x 0 = y 0 = 0 and D 0 9 at t = x 3 = y 3 = 0. Let D 1 and D 2 be the derivations onȲ ′′ defined as follows.
Consider the derivation D = e 1 D 1 + e 2 D 2 . We observe that D 2 = 0 and that if (e 1 , e 2 ) is generic (that is, if e 1 = 0 and e 2 = 0) then Fix(D) = ∅. Therefore, for such D, X ′′ =Ȳ ′′D is a supersingular RDP Enriques surface with A 1 at the image of D 0 9 . Let X → X ′′ be the resolution and letȲ = Y ′′ × X ′′ X. ThenȲ is the canonical α 2 -covering of the smooth supersingular Enriques surface X with Sing(Ȳ ) = D 0 4 + D 0 8 . The image of the fiber t = 0 of Y is the multiple fiber of X and is a singular fiber of type II. In this case the multiple fiber does not move when D vary. 4.2. An example of a canonical covering with an elliptic singularity.
Definition 4.5. We say that a 2-dimensional local k-algebra is an elliptic double point of type Ell 12a if its completion is isomorphic to k[[X, Y, Z]]/(Z 2 + X 3 + Y 7 + ε) for some ε ∈ (X 5 , X 3 Y, X 2 Y 3 , XY 4 , Y 9 ) ⊂ k[[X, Y ]]. We observe that then we can take ε = 0. This is the quotient of k[[x, y]] by the derivation D defined by D(x) = y 6 and D(y) = x 2 , with X = x 2 , Y = y 2 , Z = x 3 + y 7 .
Example 4.6 (Ell 12a ). This is the example we gave in [Mat18, Example 8.4 ].
LetȲ ⊂ P 5 be the intersection of three quadrics
x 2 1 + x 2 3 + y 2 1 + x 2 y 3 + x 3 y 2 = 0, x 2 2 + y 2 1 + y 2 3 + x 1 y 3 + x 3 y 1 = 0, y 2 2 + x 1 y 2 + x 2 y 1 = 0. Then it has single singularity at (x 1 , x 2 , x 3 , y 1 , y 2 , y 3 ) = (1, 0, 1, 0, 0, 0), which is an elliptic double point singularity of type Ell 12a . Letting s −1 = t := x 2 y 2 = x 1 +y 2 y 1 ,Ȳ admits a structure of an elliptic surface (without assuming the existence of a section) over P 1 = Spec k[s] ∪ Spec k[t]. It can be written as the intersection of two quadrics in a P 3 -bundle over P 1 as follows:
(1 + s 2 )x 2 1 + s 4 x 2 2 + x 2 3 + x 2 (sx 3 + y 3 ) = 0, s 2 x 2 1 + (1 + s 4 )x 2 2 + s 2 x 2 x 3 + x 1 (sx 3 + y 3 ) + y 2 3 = 0 over Spec k[s], and (t 2 + 1)y 2 1 + y 2 2 + x 2 3 + x 3 y 2 + ty 2 y 3 = 0, y 2 1 + t 2 y 2 2 + y 2 3 + x 3 y 1 + ty 1 y 3 + y 2 y 3 = 0 over Spec k[t], glued by y 1 = s(x 1 + y 2 ), y 2 = sx 2 , x 1 = ty 1 + y 2 , x 2 = ty 2 .
The (elliptic double point) singularity is at (s, x 1 : x 2 : x 3 : y 3 ) = (0, 1 : 0 : 1 : 0). Let D 1 and D 2 be the derivations onȲ defined by D 1 (x i ) = 0, D 1 (y i ) = x i , D 2 (x i ) = y i , D 2 (y i ) = 0.
(To be precise, we consider the derivations taking
x j
) Under the elliptic surface coordinate these derivations are expressed as follows.
− D 1 (−) D 2 (−)
x 1 0 sx 1 + s 2 x 2 x 2 0 sx 2 x 3 0 y 3 y 3 x 3 0 s 1 s 2 y 1 ty 1 + y 2 0 y 2 ty 2 0 y 3 x 3 0 x 3 0 y 3 t t 2 1
Consider the derivation D = e 1 D 1 + e 2 D 2 . We observe that D 2 = 0 and that if (e 1 , e 2 ) is generic (that is, if e 1 = 0) then Fix(D) = ∅. For such D, X =Ȳ D is a supersingular smooth Enriques surface andȲ is its canonical α 2 -covering with Sing(Ȳ ) = Ell 12a .
The multiple fiber of X corresponds to the fiber t = e 2 /e 1 of Y , which is a supersingular elliptic curve.
